Monge-Ampere operator *
1 Definition and basic properties of ETV
The definition of ETV
Let X be a finite set of closed convex (not necessarily bounded) k-dimensional polytopes in a real vector space E. We say that X is a k-dimensional polyhedral set, if intersection of any two polytopes either is empty or is their common face. Any face of any polytope is called a cell. By default E is the space C n considered as a real vector space. Also, we identify the dual space E * with C n * using the pairing (z, z * ) = Re z, z * . By definition, a chain of degree m on X is the odd function on the set of oriented k-dimensional cells taking ∆ to X ∆ ∈ m C C n * (the function is called odd, if it's value at the argument ∆ changes sign with the changing of orientation of ∆). The polyhedral set with a fixed chain we call a framed polyhedral set. The odd form X ∆ we call the frame of a cell ∆. Definition 1.1. The union of k-dimensional cells ∆ ∈ X with nonzero frames X ∆ is denoted supp X and is called the support of the framed polyhedral set. Say that two framed k-dimensional polyhedral sets X, Y with the common support are equivalent, if X ∆ = Y Θ for any k-dimensional cells Λ ∈ X, Θ ∈ Y with k-dimensional intersection.
The set of (k − 1)-dimensional cells of framed k-dimensional polyhedral set X form the (k − 1)-dimensional polyhedral set ∂X. Make it framed as (∂X) Λ = ∆⊃Λ,dim ∆=k 1) where the orientations of the cells Λ and Λ agreed as usual. The framed polyhedral set is called closed if supp ∂X = ∅.
Corollary 1.1. The framed polyhedral set ∂X is closed.
Let E ∆ be a tangent space of the cell ∆ and C ∆ be a maximal complex subspace of E ∆ . Definition 1.2. Let k ≥ n and X be a closed framed k-dimensional polyhedral set with the chain of degree 2n − k. Say that X is an exponential tropical polyhedral set (ETP), if for any k-dimensional cell ∆ (1) the restriction X ∆,R of the form X ∆ to the space E ∆ is real valued, i.e. X ∆,R ∈ 2n−k R E * ∆ ; (2) X ∆ (ξ 1 , · · · , ξ k ) = 0 if ∃i : ξ i ∈ C ∆ . Remark 1.1. Condition (2) follows from condition (1). Remark 1.2. In [1] we consider the exponential tropical varieties with polynomial weights. So in [1] for ETP X the frame X ∆ is an exterior form multiplied by a polynomial in the space E ∆ . The corresponding construction of tropical geometry see in [4] . Definition 1.3. Say that a real subspace E of C n is degenerate, if codim C E C < codim E, where E C is the maximal complex subspace of E. Say that the cell ∆ is degenerate, if the space E ∆ is degenerate.
If k = 2n, 2n − 1, then any k-dimensional subspace is nondegenerate. If k < n, then any k-dimensional subspace is degenerate. If the k-dimensional subspace E is nondegenerate, then dim E − dim R E C = 2n − k. In what follows the record X ⇒ P means that ETP X lies in the equivalence class ETV P.
Let X be a ETP. We define the current of measure typeX as
Corollary 1.3. ETP X, Y are equivalent, if and only ifX =Ȳ .
Example 1.1. Corner loci of piecewise linear functions. The continuous function h : C n → R is called piecewise linear, if it is a real polynomial of degree 1 on any P ∈ {P }, where {P } is a finite set of convex polytopes such that ∪ P ∈{P } P = C n . Let the support of (2n − 1)-dimensional polyhedral set X be a corner locus of a piecewise linear function h. Then any (2n − 1)-dimensional cell ∆ ∈ X in locally (near any internal point of ∆) is a common face of two halfspaces A and B. Let h A = h| A and h B = h| B . The ordering of the pair (A, B) sets the coorientation of ∆. The standard orientation of C n and the coorientation of ∆ together set the orientation of the cell ∆. Using this orientation put
). Easy to verify thatP = dd c h, where X ⇒ P. For any (n − 1)-dimensional ETV P there exists a piecewise linear function h such thatP = dd c h (Theorem 2.1).
Addition of ETV
where ∆ and Ξ are cells of polyhedral sets X and X i , then ∆ ∩ Ξ is a cell of polyhedral set X.
Let ∆ ∈ X be a k-dimensional cell. Set X ∆ equal to the sum of (one or two) frames of the cells (one or two) of polyhedral sets X i containing ∆.
The equivalence class of X does not depend on the choice of X i (corallary 1.3). Now define Q 1 + Q 2 = Q, where X ⇒ Q. Corollary 1.6. m-dimensional ETV form the commutative group and the map P → P is injection.
Below we consider the formally defined addition of ETV of all dimensions as a graded group. By definition, the degree of m-dimensional ETV is n − m.
Using the odd volume form ω of a real vector space we can define the volume of any bounded domain U as U ω. Indeed, this integral does not depend on the choice of orientation. Say that the odd volume form ω is positive (negative) if ω give positive (negative) volumes of bounded domains.
Say that the cell ∆ is positive (negative), if the direct image of the form X ∆,R on the space E ∆ /C ∆ is positive (negative) volume form. The construction of direct image of the odd form X ∆,R requires the coordination of the choice of orientations of the spaces E ∆ and E ∆ /C ∆ . We do it using the orientation of C ∆ as the standard orientation of a complex vector space. Indeed, let X ⇒ P. Let ∆ ∈ X be a k-dimensional cell with nonzero frame X ∆ . Consider the single-celled ETP X ∆ with the cell E ∆ and it's frame c ∆ X ∆ , where c ∆ is such a real number, that the cell E ∆ is positive. let X ∆ ⇒ Q ∆ and let |c ∆ | be sufficiently large. Then the ETV P + ∆ Q ∆ is positive and Let Ξ 1 , · · · , Ξ q be maximal connected subsets of cells of k-dimensional polyhedral set X. Let Y i be a polyhedral set formed by cells from the subset Say that ETP Y i is the irreducible component of ETP X. If q = 1 then ETP X is said to be irreducible. If X ⇒ P, then the irreducible components of ETV P are well defined. Corollary 1.8. Any ETV is the sum of it's irreducible components. Irreducible components of positive ETV are positive.
ETV and convex polytops in C n
For a formulation of theorems 1.1, 1.2 we need some simple geometrical facts and definitions. Definition 1.7. The fan of cones is a polyhedral set such that any cell is a cone with a zero vertex. If the fan is ETP, then we call it a homogeneous ETP. The corresponding ETV also is called homogeneous.
Let γ be a convex bounded polytope in C n * . The dual cone ∆ of the face δ of polytope γ is, by definition, the set of points z ∈ C n such that max z * ∈γ Re z, z * is reached at any z * ∈ δ. If dim δ = m, then dim ∆ = 2n−m. Dual cones of m-dimensional faces of γ form the (2n−m)-dimensional fan of cones X γ,2n−m .
Lemma 1.1. Let U be an open bounded domain of m-dimensional real vector space E. Then for any orientation α of E there exists the only multivector
for any volume form ω of the space E.
It's obviously that p U (−α) = −p U (α), where (−α) -is the different from α orientation of E. I.e. the multivector p U is odd. The odd multivector p U is called a volume of domain U. The volume of (m + 1)-dimensional convex polytope equals to the sum of volumes of its m-dimensional faces multiplied by the lengths of corresponding heights and divided by m + 1. Using cocycle p δ we can write it as
where w θ is an arbitrary point of m-dimensional face θ ⊂ δ. Lemma 1.3. Consider the complex vector space V as the real vector space E. There exists the only ring homomorphism ̺ : R E → C V such, that the map ̺ : E → V is the identity.
Let δ C be a minimal complex subspace of C n containing the real subspace E δ . Say that the face δ of polytope γ is degenerate if dim δ > dim C δ C . Any face of dimension 0, 1 is nondegenerate. Any face of dimension > n is degenerate. Corollary 1.9. If the face δ is degenerate, then ̺(p δ ) = 0.
n * is a cocycle. If m > n then this cocycle is zero.
In 2.1 we use the complex variant of formula (1.3).
where (in contrast to the formula (1.3)) we deal with complex multivectors. For m ≤ n we define a homogeneous (2n − m)-dimensional ETP, corresponding to a polytope γ ⊂ C we must establish the correspondence of orientations of the spaces E ∆ and E δ .
The bilinear form Im z, z * give the nodegenerate pairing E ∆ /C ∆ ⊗E δ → R. Consider the corresponding symplectic form ω on the space E ∆ /C ∆ ⊕ E δ and the orientation χ corresponding to the volume form ω m . Coordinate the orientations of E ∆ /C ∆ and E δ so that together they set the orientation χ of the space E ∆ /C ∆ ⊕E δ . Now coordinate the orientations of the spaces E ∆ /C ∆ and E ∆ by choosing the orientation of C ∆ as the standard orientation of a complex vector space. Now the orientations of the spaces E δ and E ∆ are agreed.
The conditions (1) and (2) of definition 1.2 satisfied by construction. The closedness of the framed polyhedral set X γ,2n−m is equivalent to the statement of Lemma 1.10. Thus, for k ≥ n the framed fan X γ,k is homogeneous ETP. Corresponding homogeneous ETV also denoted X γ,k .
Theorem 1.1. For any k-dimensional homogeneous ETV X exists a finite set {γ} of convex polytopes in the space C n * such that
In (1.5) and (1.6) tX is, by definition, the ETP with the same cells as ETP X, and the cell's frames multiplied by t. Theorem 1.2. For any k-dimensional ETV X exists a finite set {γ} of convex polytopes in the space C n * and the set of vectors {a γ } such that
where a γ + X γ,k is a translation of ETV X γ,k by the vector a γ .
Stable intersections of ETP and multiplication of ETV.
Say that polyhedral sets X and Y are transversal, if for any pair of cells ∆ ∈ X, Λ ∈ Y with nonempty intersection the intersection of spaces E ∆ and E Λ is transversal.
Let X, Y be transversal polyhedral sets of dimensions p, q. Then the pairwise intersections of cells of X and Y form a polyhedral set X ∩ Y . The dimension of the polyhedral set X ∩ Y is equal to p + q − 2n (if X ∩ Y = ∅, then p + q ≥ 2n). For transversal ETP X, Y on a polyhedral set X ∩ Y with dim X ∩ Y ≥ n we can determine the structure of ETP as follows.
Let X, Y be transversal framed polyhedral sets satisfying all the conditions of definition 1.2, except, perhaps, the condition of closedness. Let ∆ ∈ X, Λ ∈ Y be cells of higher dimensions and let Ξ = ∆ ∩ Λ. Below we define an odd form X ∆ ∧ Y Λ on the cell Ξ. Then the frame of Ξ is defined as
Choose the orientations α, β of cells ∆, Λ and let X Indeed, let Υ = ∆ ∩ Γ be a (p + q − 2n − 1)-dimensional cell of the polyhedral set X ∩ Y , where ∆ is p-dimensional cell polyhedral set X and Γ is (q − 1)-dimensional cell of polyhedral set Y . Then, using the definition of the boundary of a polyhedral set (equation (1.1)), get
Thus, the closedness of a polyhedral set (X ∩ Y ) is a consequence of closedness of polyhedral sets X, Y . The remaining conditions of Definition 1.2 are obvious. Definition 1.8. We call ETV P and Q transversal if there exist transversal ETP X, Y such that X ⇒ P and Y ⇒ Q.
Let X ⇒ P and Y ⇒ Q, where ETP X and Y are transversal. Say that PQ = X , where X ∩ Y ⇒ X . The product of transversal ETP is well defined.
Also, if dim P + dim Q < n, then (for any ETV) set PQ = 0. In any case for the definition of the product of ETV we do the following.
The additive group of the space C n acts on the set of polyhedral sets by shifts. For any fixed pair of polyhedral sets X, Y shifted polyhedral sets X, z + Y are transversal for almost all z ∈ C n . Theorem 1.3. If ETP X and z i + Y are transversal, then for z i → 0 the sequence of currents X ∩ (z i + Y ) converges to the limit current Z, where Z is ETP of dimension (p + q − 2n). The limit current does not depend on the choice of the sequence z i . If X ⇒ P and Y ⇒ Q, then the equivalence class of ETP Z gives ETV PQ of dimension (p − n) + (q − n) − n independent on the choice of ETP X, Y .
The
Locally any polyhedral set coincides with a fan of cones. Indeed, let Θ ∈ X and e ∈ IntΘ, where IntΘ is the interior of the cell Θ (assuming that the only point of 0-dimensional cell is internal). The shifted polyhedral set (X − e) in a neighborhood of zero coincides with the fan of cones. Denote this fan by X Θ and call it Θ-localization of polyhedral set X. The fan X Θ is independent of the choice of internal point e of the cell Θ.
Denote by K min the minimal cone of K. A minimal cone of a fan is a subspace. Cone K min is contained in all cones of K. Minimal cone of X Θ is the subspace E Θ . For any cell Θ of ETP X the localization X Θ is homogeneous ETP, if we equip cells of the polyhedral set X Θ with frames inherited from X. Corollary 1.12. Let ∆ ∈ X, Λ ∈ Y and x ∈ Int∆∩IntΛ. Then the following conditions are equivalent
(it is assumed that a set of negative dimension is empty).
Assume that ETP K, L are positive. Let {Ξ i (z)} be a set of non-empty intersections ∆ ∩ (z + Λ), where ∆ ∈ K and Λ ∈ L are the cells of dimension k and l respectively. Then {Ξ i (z)} is a set of cells of the highest dimension of ETP K ∩ (z + L) (corollary 1.11). Any Ξ i (z) equals to V + z i for some z i ∈ C n . So their frames (K ∩ L) Ξ i (z) can be considered as exterior forms on C n with odd dependence on the orientation of the subspace V . The sum of these forms is denoted by W K,L (z). 
It is easy to check that the product is well-defined.
Bergman fans of ETV
Let ∆ ⊂ R N be a k-dimensional convex polytope. Let ∆ ∞ be a convex polyhedral cone formed by the limit points of polytopes t∆ as t → +0. This cone lies in the subspace E ∆ (remind: the subspace E ∆ is generated by the differences of points of the polytope ∆). If ∆ is bounded, then ∆ ∞ = 0. Else dim ∆ ∞ = 0. Any face of the cone ∆ ∞ is a cone Λ ∞ , where Λ is a face of ∆. For a polyhedral set X, we set S = ∪ ∆∈X ∆ ∞ . Let ϕ ∈ S and let L(ϕ) be a set of cells ∆ ∈ X such that ϕ ∈ ∆ ∞ . The vectors ϕ, ψ of S are called equivalent, if L(ϕ) = L(ψ). The equivalence classes are convex cones of dimension ≤ k, where k = dim X. Let S ∞ be a closure of the union of equivalence classes, represented by k-dimensional cones. If S ∞ = ∅, then set X ∞ = 0. Else there exists a k-dimensional fan of cones X ∞ such that (1) supp X ∞ = S ∞ (2) any cone K ∈ X ∞ is contained in some equivalence class of the set S. Let X be a framed k-dimensional polyhedral set in C n and K ∈ X ∞ , dim K = k. Define the frame (X ∞ ) K of cone K as ∆∈L(ϕ) X ∆ , where ϕ is some interior point of the cone K. 2 Mixed complex Monge-Ampere operator
Monge-Ampere operator and ETV
The mixed complex Monge-Ampere operator of degree k is (by definition) the
, where g is a real function on a complex manifold M). Below the map
the MongeAmpere operator value dd c h 1 ∧ · · · ∧ dd c h k is well defined as a current (that is a functional on the space of smooth compactly supported differential (2n − 2k)-forms). This means that if the sequence of smooth convex functions (f i ) j converges locally uniformly to h i , then the sequence of currents dd c (f 1 ) j ∧ · · · dd c (f k ) j converges to the limit current, independent on the choice of approximation. This limit current is the current of measure type, ie it may be continued to a functional on the space of continuous compactly supported forms. It follows that any polynomial in the variables dd c g 1 , · · · , dd c g q with continuous convex functions g i is well defined as a current of measure type. It is easy to prove that any piecewise linear function can be written as a difference of two convex piecewise linear functions. It follows that the action of Monge-Ampere operator and above defined currents are well defined for any piecewise linear functions also.
Remark 2.1. For piecewise linear (not necessarily convex) functions the current dd c h 1 ∧ · · · ∧ dd c h k depends only on the product of functions h 1 · · · h k [1] . This property is a very specific for piecewise linear functions. However, it is partially retained for piecewise pluriharmonic functions on a complex manifold [5] .
Let B be a ring generated by the currents dd c g, where g are piecewise linear functions on C n . Attach to the ring B the current ϕ → C n ϕ, where ϕ is volume form with compact support on C n (the latest current is a unit of the ring B). The ring B is graded by degrees of corresponding polynomials in the variables dd c g. (2) Function g : C n → R is said to be R-generated, if g(z + y) = g(z) for any y ∈ ImC n . (3) ETV X is said to be R-generated, if y + X = X for any y ∈ ImC n (here y + X is a shift of ETV by the vector y).
The following statements follow from Theorem 2.1. Theorem 2.2. Let B h be a ring of homogeneous ETV, and B h be a ring, generated by currents dd c g, where g are positively homogeneous of degree 1 piecewise linear functions on C n . Then the map ι| B h is an isomorphism of graded rings ι| B h : B h → B h .
Theorem 2.3. ([3])
Let B R be a ring of R-generated ETV and B R be a ring, generated by currents dd c g, where g are R-generated piecewise linear functions on C n . Then the map ι| B R is an isomorphism of graded rings ι| B R : B R → B R .
The ring B R coincides with the ring of tropical varieties in R n [3] .
Corollary 2.1. The rings B, B h , B R are generated by the elements of a first degree.
The proof of Theorem 2.1 is based on the following statement ([1], Theorem 2 and Proposition 2). Statement 2. Let X be a k-dimensional ETP and X ⇒ P. Let h be a piecewise linear function that is linear on any cell of polyhedral set X. Construct a new frame of degree 2n − k + 1 on any k-dimensional cell ∆ ∈ X as
where
is ETP and does not depend on the choice of functions G ∆ (2) ETV, corresponding to ETP D c (hX), depends only on the equivalence
It is obvious, that the map ι is bijective on the elements of degree 0. Using induction on degrees of graded ring B and applying statement 2, obtain the statement 1 (details are in [1] ). Thus, the map ι is defined as a homomorphism of graded abelian groups. By definition the map ι is injective. Therefore, the proof of bijectivity of ι is reduced to the following statement. Theorem 2.4. For any (k − 1)-dimensional ETV P there exist finite sets of (a) k-dimensional ETV {Q} (b) piecewise linear functions {h Q } on the space C n (c) ETP {X Q ⇒ Q} such that any function h Q is linear on each cell of ETP X Q and
Let h γ be a support function of convex polytope γ ⊂ (C n ) * (remind: support function is a piecewise linear function h γ (z) = max z * ∈γ Re z, z * on C n ). From the definition follows that ∀k the function h γ is linear on any cell of ETP X γ,k .
Proof. Let Θ be a k-dimensional cone dual to a face θ of polytope γ.
where w θ is an arbitrary point of the face θ. Then d c G ∆ = Re dz, −iw δ . Let δ be a face of polytope γ dual to cone ∆. Then (by definition) X
Proof of Theorem 2.4. Theorem 1.2 ETV P can be represented as
(a γ + X γ,k ) (here tX is, by definition, the ETV X with the frames multiplied by t).
Set h Q = h γ (z − a γ ), where h γ be a support function of polytope γ. The function h Q is linear on any cell of ETP X γ,k by construction. It follows from Proposition 2.1, that
Now it remains to show that the map ι preserves the products of ETV (ie is an isomorphism of rings).
The additive group of space C n acts by shifts on the set of piecewise linear functions. This action extends to a continuous action on the ring B. Similarly (Theorem 1.3), this group acts on the ring B. These actions commute with the map ι. Therefore, the statement on the isomorphism of the rings is reduced to the case of transversal intersections of corner loci (Proposition 2.2).
Let ETP X 1 , · · · , X k be corner loci of piecewise linear functions h 1 , · · · , h k . Say that ETP X 1 , · · · , X k are transversal, if for all sets of cells
Locally ∆ i looks as a common hyperplane of two halfspaces B 1 , B 2 . Let a piecewise linear function g i is linear on halfspaces B 1 , B 2 and g i | B j = h i | B j near any inner point of the cell ∆ i .
It follows from transversality condition that the statement of Proposition 2.2 is equivalent to the series of equations
where ∆ 1 ∈ X 1 , · · · , ∆ k ∈ X k is any set of (2n − 1)-dimensional cells. This last equality is easy to verify directly.
2.2
The zero values of mixed Monge-Ampere operator at piecewise linear functions Definition 2.2. Let H be a complex p-dimensional subspace of C n and let k + p > n. The set of piecewise linear functions g 1 , · · · , g k on C n is called H-degenerate, if there exist linear functions ϕ i : C n → R such that ϕ i (z + h) + g i (z + h) = ϕ i (z) + g i (z) for any z ∈ C n and any h ∈ H (i.e. functions ϕ i + g i are the pullbacks of some piecewise linear functions on the space C n /H by the projection C n → C n /H). The set g 1 , · · · , g k is called nondegenerate if there is no subspace H such that the set g 1 , · · · , g k is Hdegenerate. The theorem 2.5 is a successor of the criterion of a zero value of mixed volume. We explain this more.
Statement 3.
[3] Let A 1 , · · · , A n be compact convex bodies in ReC n * and let h i : C n → R be their support functions. Consider some Euclidean metric on ReC n , the corresponding Hermitian metric on C n and the dual Hermitian metric on C n * . Then the current dd c h 1 ∧· · ·∧dd c h n is a Euclidean measure on the space ImC n multiplied be the mixed volume of convex bodies A 1 , · · · , A n and by n! The criterion of zero value of mixed volume is formulated as follows.
Corollary 2.2. Following statements are equivalent:
(1) the mixed volume of convex bodies A 1 , · · · , A N in R n is zero (2) there exist p ≤ n and a subset B 1 , · · · , B p of the set A 1 , · · · , A n such that for some a i ∈ R n all shifted bodies
Let A i be a convex polytope. Then the corollary 2.2 follows directly from Theorem 2.5. Indeed, put the sets A 1 , · · · , A n into the space ReC n * and (using the statement 3) apply Theorem 2.5 to the support functions of polytopes. For any convex bodies A i corollary follows from the monotonicity of the mixed volume:
Here are three auxiliary statements, used in the proof of Theorem 2.5. The first is a direct consequence of the definition of ETV, second is obvious. Proof of the third statement is given after the proof of Theorem 2.5.
and let E i be a tangent spaces of the cells ∆ i . Let 0 = ϕ i ∈ C n * be an equation of the hyperplane E i , i.e. Re z, ϕ i = 0 for any z ∈ E i . Then i=1,··· ,k P i = 0, if and only if the vectors ϕ 1 , · · · , ϕ k are linearly dependent over C. Let A 1 , · · · , A k be nonempty finite sets of n-dimensional vector space E (over arbitrary field). If 0 < k ≤ n and any set of vectors a 1 ∈ A 1 , · · · , a k ∈ A k is linearly dependent, then the set A 1 , · · · , A k is called degenerate.
Proof of Theorem 2.5. Let ETP X i be a corner locus of function h i . Let A i ⊂ C n * be a set of equations of real hyperplanes E ∆ for all ∆ from the set of (2n − 1)-dimensional cells of X i (see formulation of lemma 2.1).
From the convexity of functions h i it follows that ETV X i are positive. Therefore, applying Corollary 1.17 and Lemma 2.1 we get the following: Then c i ∈Q. Indeed, the otherwise we would obtain a decomposition of the form (2.1) with non-zero α i . It follows that Q ∩Q = Q i and so L ⊂ Q i . Lemma is proved.
Now sort the set C 1 , · · · , C l so that C ≤q ⊂ Q and C >q ⊂ Q. Then the space L belongs to the subspace, generated by vectors c 1 , · · · , c q . This follows from Lemma 2.6, because this last subspace coincides with the subspace Q q+1 ∩ · · · ∩ Q l . So q + 1 sets C 1 , · · · , C q , C are in q-dimensional subspace. Proposition 2.3 is proved.
